Abstract. Let T = (V, E) be a leafless, locally finite rooted directed tree. We associate with T a one parameter family of Dirichlet spaces Hq (q 1), which turn out to be Hilbert spaces of vector-valued holomorphic functions defined on the unit disc D in the complex plane. These spaces can be realized as reproducing kernel Hilbert spaces associated with the positive definite kernel
Introduction
The present work is a sequel to [17] . In that paper, a rich interplay between the directed trees and analytic kernels of finite bandwidth has been exploited to study the weighted shifts on directed trees. The analysis therein was based on Shimorin's analytic model as introduced in [28] (for an alternate approach to the function theory of weighted shifts on directed trees, the reader is referred to [14] , [13] ). Our work is also motivated partly by the classification theorem [6, Theorem 9.9] obtained for 2-isometric weighted shifts on certain directed trees.
The objective of the present paper is to introduce Dirichlet spaces associated with certain rooted directed trees. This is carried out by introducing the so-called Dirichlet shifts on directed trees with weights being certain functions of depth of vertices, and thereafter applying Shimorin's construction [28] to these shifts. These spaces can be thought of as vector-valued weighted Dirichlet spaces (cf. [25] ). We also discuss the spaces Cauchy dual to Dirichlet spaces. These turn out to be vectorvalued Bergman spaces, which play a key role in answering the question of unitary equivalence of Dirichlet shifts associated with two directed trees. We collect below some preliminaries required to define the Dirichlet shifts. For a detailed exposition on weighted shifts on directed trees, the reader is referred to [23] and [17] .
A directed graph is a pair T = (V, E), where V is a nonempty set and E is a nonempty subset of V × V \ {(v, v) : v ∈ V }. An element of V (resp. E) is called a vertex (resp. an edge) of T . A finite sequence {v i } n i=1 of distinct vertices is said to be a circuit in T if n 2, (v i , v i+1 ) ∈ E for all 1 i n − 1 and (v n , v 1 ) ∈ E. We say that two distinct vertices u and v of T are connected by a path if there exists a finite sequence {v i } n i=1 of distinct vertices of T (n 2) such that v 1 = u, v n = v and (v i , v i+1 ) or (v i+1 , v i ) ∈ E for all 1 i n − 1. A directed graph T is said to be connected if any two distinct vertices of T can be connected by a path in T . For a subset W of V , define Chi(W ) := u∈W {v ∈ V : (u, v) ∈ E}.
We define inductively Chi n (W ) for n ∈ N as follows:
Chi n (W ) := W if n = 0, Chi(Chi n−1 (W )) if n 1.
Given v ∈ V , we write Chi(v) Then an element of Root(T ) is called a root of T . If Root(T ) is singleton, then its unique element is denoted by root. We set
is called a directed tree if T has no circuits, T is connected and each vertex v ∈ V
• has a unique parent. A directed tree T is said to be (i) rooted if it has a unique root.
(ii) locally finite if card(Chi(u)) is finite for all u ∈ V, where card(X) stands for the cardinality of the set X. (iii) leafless if every vertex has at least one child.
Let T = (V, E) be a rooted directed tree with root root. Let V ≺ be the set {u ∈ V : card(Chi(u)) 2} of branching vertices of T . For each u ∈ V , the depth of u is the unique non-negative integer n u such that u ∈ Chi nu (root). Define the branching index of T as
We say that T is of finite branching index if k T < ∞. We further say that two directed trees are isomorphic if there exists a bijection between their sets of vertices which preserves directed edges. Let T = (V, E) be a rooted directed tree with root root. We always assume that card(V ) = ℵ 0 . In what follows, l 2 (V ) stands for the Hilbert space of square summable complex functions on V equipped with the standard inner product. Note that the set {e u } u∈V is an orthonormal basis of l 2 (V ), where e u ∈ l 2 (V ) is the indicator function of {u}. Given a system λ = {λ v } v∈V • of non-negative real numbers, we define the weighted shift operator S λ on T with weights λ by
where Λ T is the mapping defined on complex functions f on V by
Remark 1.1. If S λ is bounded then S * λ e u = λ u e par(u) if u = root, and S * λ e u = 0 otherwise.
Throughout these paper, we will be interested in weighted shifts which are bounded linear. The reader is referred to [23] for the basic theory of weighted shifts on directed trees. In particular, it may be concluded from [23, Proposition 3.5.1(ii)] that for a rooted directed tree T with root root, the kernel of S * λ is given by
where λ v : Chi(v) → C is defined by λ v (u) = λ u and f denotes the span of {f }. Recall that a bounded linear operator T on a Hilbert space H is finitely multicyclic if there are a finite number of vectors h 1 , · · · , h m in H such that
Remark 1.2. Let T be a leafless, locally finite rooted directed tree with finite branching index and let S λ be a bounded weighted shift on T . It may be concluded from [17, Proposition 2.1 and Corollary 2.3] that S λ is finitely cyclic.
Dirichlet Shifts on Directed Trees
We now introduce the notion of Dirichlet shift on certain directed trees.
Definition 2.1. Let T = (V, E) be a leafless, locally finite rooted directed tree. For a real number q 1, consider the weighted shift S λ,q on T with weights given by
where n v is the depth of v ∈ V in T . We refer to S λ,q as the Dirichlet shift on T .
Let S λ,q be a Dirichlet shift on T . Note that the weights of S λ,q can be rewritten as
where, for u ∈ V , the siblings of u is given by
Note further that
It now follows from [23, Propositions 3.1.8 and 3.6.1] that S λ,q is bounded linear, and left-invertible (that is, S λ,q is one-one with closed range). Thus the Cauchy dual S ′ λ,q of S λ,q given by S λ,q (S * λ,q S λ,q ) −1 is well-defined [28] . It turns out that S ′ λ,q is a weighted shift S λ ′ ,q on T with weights given by
Remark 2.2. In case T is a rooted directed tree without any branching vertex (that is, T is isomorphic to N), S λ,q is unitarily equivalent to the classical weighted shift The following classification problem is motivated by [6, Theorem 9.9]:
λ,q be Dirichlet shifts on T 1 , T 2 respectively. Find sufficient and necessary conditions on T 1 and T 2 which ensure that S (1) λ,q and S (2) λ,q are unitarily equivalent.
Note that the above problem has the following solution in case q = 1. The shifts S (1) λ,1 and S (2) λ,1 unitarily equivalent if and only if
where V 
λ,2 ) * . The desired conclusion is now immediate from (1.1). This has been recorded in more generality in [6, Theorem 9.9(ii)].
One of the main results of this note provides a solution to the above problem in case q is a positive integer.
Theorem 2.4. Let q be an integer bigger than
, and
λ,q is unitarily equivalent to S (2) λ,q if and only if for every n ∈ N,
Remark 2.5. Since T j is locally finite, the V (j)
n is finite for every n ∈ N and j = 1, 2, and hence the sums appearing in (2.3) are finite. Further, it may happen that (2.3) holds for two non-isomorphic directed trees (see [6, Figure 2] ).
The case q = 2 of Theorem 2.4 is a special case of [6, Theorem 9.9(i) ]. In what follows, we provide an alternative verification of this fact based on modeling S λ,2 as a multiplication by z on a vector-valued Dirichlet space. With this identification, the problem essentially reduces to classification problem of multiplication operators on vector-valued Dirichlet spaces (refer to Section 3). This part of the proof relies on the theory of vector-valued Dirichlet spaces as expounded in [25] . The rather involved proof of the general case, as presented in the last section, relies on tree analogs of weighted Bergman spaces. These spaces can be seen as Cauchy dual of Dirichlet spaces in the sense of S. Shimorin [28] .
In the remaining part of this section, we derive some structural properties of the weighted shifts S λ,q on T . Before we state formulae for moments of S λ,q and S λ ′ ,q , recall that the Pochhammer symbol is defined by
where Γ is the gamma function defined for all complex numbers except the nonpositive integers.
Lemma 2.6. Let S λ,q be a Dirichlet shift on T = (V, E) and let S λ ′ ,q be the Cauchy dual of S λ,q . Then for k ∈ N and v ∈ V,
In particular, the spectral radii of S λ,q and S λ ′ ,q are 1.
Proof. We verify the first formula by induction on integers k 0 for a fixed v ∈ V . The formula is trivial for k = 0. Suppose the formula holds for some integer k 0. Since Chi n (u) and Chi n (w) are disjoint for distinct vertices u and w, it follows from [23, Lemma 6.1.1(i)] that {S k λ,q e w } w∈Chi(v) is mutually orthogonal. Also, since n w = n v + 1 for w ∈ Chi(v), we obtain
The second formula can be verified similarly. To see the remaining part, note that
and apply the spectral radius formula. 
Proof. Suppose that q is a positive integer. 
2 } k∈N is a Hausdorff moment sequence. However, by Lemma 2.6, for v ∈ V and k ∈ N.
Since { 1 k+l } k∈N is a Hausdorff moment sequence for any integer l 1, by general theory [10] , so is { S k λ ′ ,q e v 2 } k∈N .
(ii) Since the sequence {S k λ,q e v } v∈V is orthogonal, it is sufficient to check that
However, by Lemma 2.6, for v ∈ V and k ∈ N,
In any case, the sequence { S k λ,q e v 2 } k∈N is a polynomial in k of degree q − 1. By [16, Proof of Lemma 2.5], S λ,q is a q-isometry, but not a (q − 1)-isometry.
(iii) Assume that T is of finite branching index. By Remark 1.2, S λ ′ ,q is finitely cyclic. By part (ii) above, S λ ′ ,q is subnormal. Hence, by Berger-Shaw Theorem [18] , S λ ′ ,q has trace-class self-commutator. Since A := S λ,q is right Fredholm with right essential inverse (A * A) −1 A * , the desired conclusion may now be derived from the following identity:
where Remark 2.8. Assume that T is of finite branching index. Since essential spectral picture of a finitely multicyclic, completely non-unitary q-isometry T coincides with the unilateral shift of multiplicity dim ker T * [2] , it may be concluded from the BDF Theorem [12] that S λ,q is unitarily equivalent to a compact perturbation of the unilateral shift of multiplicity dim ker S * Proof. Note that l = dim ker S * λ,q is finite by [17, Proposition 2.1]. If T is isomorphic to N then clearly S λ,q is unitarily equivalent to S w,q . Further, if q = 1 then by the von Neumann-Wold decomposition for isometries [18] , S λ,q is unitarily equivalent to orthogonal sum of dim ker S * λ,q copies of S w,q . This gives the sufficiency part. To see the necessity part, suppose that S λ,q is unitarily equivalent to orthogonal sum S (l) w,q of l copies of S w,q . Note that the Cauchy dual S λ ′ ,q of S λ,q is unitarily equivalent to (S 
The essential part of the proof shows that the defect operator D S λ ′ ,q is never an orthogonal projection unless q = 1 or T is isomorphic to N. We may assume that T is not isomorphic to N. Thus V ≺ is nonempty. Further, since T is locally finite with finite branching index, we can choose v ∈ V ≺ such that Note that S * λ ′ ,q (f v ) = 0 and S * k λ ′ ,q (f v ) = 0 for all integers k > 1. It then follows that
It is easy to see from (1.1) that f v is orthogonal to ker(S * λ ′ ,q ). Thus if D S λ ′ ,q is the orthogonal projection onto ker(S * λ ′ ,q ) then we must have
that is, (1 − q)(n v + 1) = 0. This is possible only if q = 1.
Dirichlet Spaces Associated with Directed Trees
The following result enables us to associate a Dirichlet space with every leafless, locally finite rooted directed tree. It is worth mentioning that certain Hardy-type spaces are associated with some infinite acyclic, undirected, connected graphs in [4] (refer also to [7, (i) the reproducing kernel κ Hq : D × D → B(E) associated with H q satisfies κ Hq (·, w)g ∈ H q and U f , κ Hq (·, w)g Hq = (U f )(w), g E for every f ∈ l 2 (V ) and g ∈ E, (ii) κ Hq is given by
where P M denotes the orthogonal projection of H onto the subspace M of H , (iii) The E-valued polynomials in z are dense in H q . In fact,
(iv) If B is an orthonormal basis of E then {z n f : f ∈ B, n ∈ N} forms an orthogonal basis of H q .
Remark 3.2. Note that the reproducing kernel Hilbert space H 1 is nothing but the vector-valued Hardy space associated with the kernel IE 1−zw (z, w ∈ D), where I E denotes the identity operator on E. In view of the decomposition (1.1) of E, this is immediate from the result above. 
where I E denotes the identity operator on E, and C j,k are bounded linear operators on E given by
, · · · ) with P E being the orthogonal projection of l 2 (V ) onto E. To see that C j,k = 0 for j = k, we need the following identity [15, (5.6)]:
where, for a positive integer l and v ∈ V, s l,v := card(sib(par l (v))). This identity for a fixed v ∈ V can be verified by induction on integers k 1. Now for v ∈ V and j, k 1,
where the last equality follows from (3.2), n u = n v + k and s l,v = s l+k,u . This also shows the following: (a) For k ∈ N,
Here we used the convention that product over the empty set equals 1. (b) For non-negative integers j > k,
for some positive scalar β(j, k, v) such that
Let f ∈ E. Note that by (1.1), f takes the form f = f root + w∈V≺ f w , where f root = γe root for some γ ∈ C and f w = v∈Chi(w) f (v)e v such that
In view of (2.1), λ v is constant on Chi(w), and hence we obtain that
It follows that for w ∈ V ≺ and j > k,
where we used (3.4), (3.5) and (3.6). It may now be concluded from (3.1), (1.1), (3. 3) that the reproducing kernel κ Hq takes the required form. Note that the conclusion in (3.7) also holds for S λ,q (by the same reasoning), and hence the sequence {z n E : n ∈ N} of subspaces of H q is mutually orthogonal. This combined with part (iii) yields (iv).
Remark 3.3. Note that κ H2 takes the form
A particular case in which T has only branching point at root, κ H2 simplifies to
Note that in case T is a rooted directed tree without any branching vertex (that is, T is isomorphic to N), H q is nothing but the classical Dirichlet space D q (q 1), that is, the reproducing kernel Hilbert space associated with reproducing kernel
(refer to [20] for the basic theory of classical Dirichlet spaces; the reader is also referred to [7] for an interesting exposition on some recent developments related to Dirichlet spaces). This motivates the following definition.
Definition 3.4. Let T = (V, E) be a leafless, locally finite rooted directed tree. We refer to the space H q , as constructed in Proposition 3.1, as the Dirichlet space associated with T .
Corollary 3.5. Let H q be a Dirichlet space associated with T = (V, E) and let M z,q be the operator of multiplication by z on H q . Then, for any
where f n = a n e root + v∈V≺ b n,v ∈ ker M * z,q is an orthogonal decomposition with a n ∈ C and
Proof. To see the first part, in view of Proposition 3.1(iv), it suffices to check that for f n = a n e root
However, by Proposition 3.1,
and hence (3.8) is immediate from Lemma 2.6. The remaining part follows from the inequality 
Corollary 3.6. Let H q be a Dirichlet space associated with T = (V, E). Then H q has complete Pick property.
Proof. By Proposition 3.1(ii), κ Hq (z, w) is orthogonal direct sum of finitely many positive definite kernels of the form
where P k,l is a non-zero orthogonal projection and k, l are positive integers such that l k. Thus it suffices to check that 1 − 1 κ k,l (z,w) is a positive definite kernel. In view of [1, Theorem 7.33 and Lemma 7.38], it is enough to verify that
for every n ∈ N.
However, this is equivalent to (l + n)(k + n − 1) (l + n − 1)(k + n) (n ∈ N), which is true whenever l k. For an analytic function f :
where dA denotes normalized area measure on D. The E-valued Dirichlet space is defined as
Proposition 3.7. Let H 2 be a Dirichlet space associated with T = (V, E) and let M z,2 be the operator of multiplication by z on H 2 . Define a positive B(E )-valued measure µ T given by 10) where Proof. We claim that if f ∈ H 2 then f H2 = f µ T . Note that by Corollary 3.5,
In view of Proposition 3.1, it suffices to verify f n H2 = f n µ T , where
However, in the light of (3.9) and (3.11), it is enough to verify that
where f ′ n (z) = ae root + v∈V≺ b v nz n−1 for integers n 1. Note first that for z ∈ D,
Since g H2 = g l 2 (V ) for every g ∈ E (Proposition 3.1), it now follows that
Thus the claim stands verified. The claim implies in particular that
As in the classical case [20, Corollary 1.4.3] , any Dirichlet space H 2 associated with T admits the conformal invariance property.
Corollary 3.8. Let H 2 be a Dirichlet space associated with T = (V, E) and let φ be an automorphism of the unit disc. Then, for every f ∈ H 2 , f • φ ∈ H 2 and
where µ T is as given in (3.10).
Proof. Let f ∈ H 2 . Note that by change of variables,
which completes the proof of the second part. The first part now follows from Littlewood's Theorem [27, Chapter 1].
Proof. The first part can be obtained along the lines of the proof of Corollary 3.5. The first equality in the second part may be deduced from (i) and [5, Corollary 3.8] while the second one is an immediate consequence of the fact that
for any continuous function w : [0, 1] → (0, ∞).
The Bergman spaces H -q can be realized as Hilbert modules over the polynomial ring C[z] with module action given by We say that the Hilbert module H -q over C[z] is homogeneous if M z,-q is homogeneous. The natural question arises here is that for which directed trees T , H -q is a homogeneous Hilbert module ? The second question arises is whether H -q and H (ii) T is isomorphic to N.
Proof. Let φ be an automorphism of the open unit disc D. Since M z,-q is of spectral radius 1 (Lemma 2.6) and since κ(·, w)g provides eigenvector for M * z,-q with corresponding eigenvalue w ∈ D, the spectrum of M z,-q equals the closed unit disc D. In particular, M φ,q := φ(M z,-q ) makes sense.
In case T is isomorphic to N, the implication (ii) =⇒ (i) is immediate from [9, Theorem 5.2].
To see that (i) implies (ii), suppose there exists a unitary U : H -q → H -q such that U M z,-q = M φ,q U. Let {g j : j = 1, · · · , d} be an orthonormal basis for E := ker M * z,-q , where g 1 := e root and d is finite. One may conclude from (3.3) and (3.7) that for 1 i = j d, the sequences {z n g i } n∈N and {z n g j } n∈N are mutually orthogonal. This yields the decomposition H -q = ⊕ We do not know whether a rooted directed tree, which is non-isomorphic to N, supports a homogeneous weighted shift.
Classification of Dirichlet Shifts
For the sake of convenience, we reproduce the statement of Theorem 2.4 from Section 2.
Theorem 5.1. Let q be an integer bigger than 1. For j = 1, 2, let S (j) λ,q be the Dirichlet shift on rooted directed tree T j = (V j , E j ) with root j , let G (j) n := {v ∈ V j : v ∈ Chi n (root j )} (n ∈ N), and E j = ker(S It is easy to see using (5.3) thatŨ is a unitary map such thatŨ M
z,q = M
z,qŨ .
